HEAT EQUATIONS IN M x C 
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Abstract. Let p : C R be a subharmonic, nonharmonic polynomial and r G R a parameter. 
Define Z-r^ ~ ^ + '''if' ^ closed, densely-defined operator on L^(C). If Drp ~ ZrpZ'p and r > 0, 
we solve the heat equation ^ + DrpM = 0, «(0, z) — f{z), on (0, co) x C. The solution comes via 
the heat semigroup e"^^^*" , and we show that u{s, z) = e"^^^'' [f]{^) = /c Hrp^s, z, w)f{w) dw. We 
prove that Hrp is C°° off the diagonal {{s, z,w) : s — and z = w} and that H-rp and its derivatives 
have exponential decay. In particular, we give new estimates for the long time behavior of the heat 
equation. 



1. Introduction 



Let p : C ^ M be a subharmonic, nonharmonic polynomial and r G M a parameter. If z = xi + 1x2 
and -§2 — k (^gi^ + ^^1^) ' cl^fine Z^p to be the operator 

d dp 

dz dz^ 



Zrp = — + T- 



and let Zrp = —Z*^ ~ '§^~ ''"fi negative of the formal L^-adjoint of Zrp. If Drp = —ZrpZT-p., 

then our goal is to understand the heat equation: 

du ^ 

+ iJrvU = 

(1) 



ds ' 



uiO,z) = f{z). 

We show that the solution u{s,z) of Q can be realized as an integral against a distributional 
kernel. Specifically, we will find a solution to of the form: 



u{s,z)= / Hrp{s,z,w)f{w)dw, 
Jc 

and our goal is to understand the regularity and pointwise bounds of Hrp and its derivatives. We 
show that the heat kernel Hrpis, z, w) is smooth away from the diagonal {{s, z,w) : s = 0, z = w} 
and our main result is that: 

Theorem 1. Let p be a subharmonic, nonharmonic polynomial and r > a parameter. If n > 
and is a product of \a\ operators Y = Z^p or Zrp when acting in z and {Zrp) or {Zrp) when 
acting in w, there exist constants c, ci > independent of r so that 

1 e a c " ., 

- — Y"Hrp{s,z,w) < ci e e A^(^^i/^e . 

as" n+^\a\+l 
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Also, c can be taken with no dependence on n and a. 

^{z, 5) is a size function from the Carnot-Caratheodory geometry on polynomial models defined 
in Section 121 As discussed below, in light of the work of Kurata we give new estimates for 
the long time behavior of Hrp. The smoothness of Hrp is expected from the work of Nagel and 
Stein and Christ j4j, though the estimates for the derivatives of Hrp are new. Moreover, as a 
consequence of |1J and Fu and Straube Pl , we expect the results on the heat equation to have 
applications to partial differential equations in several complex variables. In fact, we do obtain 
such applications which we now describe. 

The operators Zrp and Orp arise in both problems in one complex variable and several complex 
variables. As detailed below, Z-^p is a natural operator to consider when studying the weighted 
5-equation in C and the 9f,-problem on polynomial models in C^. Also, it turns out that the 
eigenvalues of Dnp as n — > oo are important to understand the compactness of 5-Neumann operator 
on certain classes of Hartogs domains in C^. 

1.1. d on Weighted L'^ Spaces in C. The interest in the weighted 9-problem in C begins with 
Hormander's solution of the inhomogeneous Cauchy-Riemann equations on pseudoconvex domains 
in C" 10 . A crucial estimate in Hormander's work is that for C C with diam(r2) < 1, there 
is a solution u to du = f in L^(J7,e~^^) satisfying the estimate J^\u\'^e~'^P dz < f^\f\'^e~^Pdz. 
Fornffiss and Sibony |7j generalize Hormander's weig hted L2 estimate to L'^, 1 < q < 2. They 

show du = f has a solution satisfying (/^ lu]*^ e~'^P dz) < [f^ |/|'^e~^*' dz) « . They also show 
that the estimate fails if g > 2. Berndtsson |^ builds on the work of Forn^ss and Sibony by 
showing an L'^-L^ result. He shows that if 1 < q < 2, then du = f has a solution so that 

(/j^(|npe~P)'^ dz) « < Cp f^\f\e~P dz. Berndtsson also proves a weighted L°°-L'^ estimate when 
q>2. 

In [1], Christ recognizes that it is possible to study the 5-problem in L^(C,e^^^) by working with 
a related operator in the unweighted space L^(C). li du = f and both u = e^u and / = f are 
in L^(C,e~^P), then §| = / ~ However, e~^^e^n = ZpU, so the 5-problem on 

L^(C,e~^^) is equivalent to the Zp-problem, ZpU = /, on L^(C). Christ solves the Zp-equation 
ZpU = / in L^(C). Christ proves that Gp = D"^ is a well-defined, bounded, linear operator 
on L^(C). Rp = ZpGp is the relative fundamental solution of Zp, i.e. the operator Rp satisfies 
ZpRf = (/ — Sp)f where Sp is the projection of L^(C) onto the kerZp. He shows that Gp and 
Rp can be realized as fractional integral operators with kernels Gp{z,w) and Rp{z,w), respectively, 
and he finds pointwise upper bounds on the kernels Gp{z,w) and Rp{z,w). 

Berndtsson [^j also solves ZpU = f for p subharmonic, but Berndtsson solves the problem on L^(J7) 
where Q C C is a smoothly bounded domain. Like Christ, he expresses his L^-minimizing solution 
via a fractional integral operator, though unlike Christ, his analysis is derived through functional 
analysis and a careful study of Kato's inequality: A|a| > Ap|a| — 4|npa| where a G C^(fi). 
Berndtsson views Dp as a Schrodinger operator. Specifically, if z = xi + 1x2, then 

2np = ^{-iV -af + V 

where a = (~^^)^[) and V = ^Ap. Expressed in this form, 2np is said to be a Schrodinger 
operator with magnetic potential a and electric potential V. We use this representation of Dp in 
the proof of Theorem 1251 
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1.2. Polynomial models and Hartogs Domains in C^. Now that we have estabhshed the 
connection between the weighted 9-equation in C and the operators Zp and Zp, we now turn to 
the study of 5;,-problem on polynomial models in and their connection with the operators Zp 
and Zp. A polynomial model Mp is the boundary of the unbounded weakly pseudoconvex domain 
J7p = {{zi,Z2) G : Imz2 > where p is a subharmonic, nonharmonic polynomial. Observe 

that the boundary Mp = C x M and the (0, l)-form 9f, can be identified with the vector field 
L = ^ — 2i^^^. Under the isomorphism, 9;, (defined on Mp) becomes the vector field (still 
called L by an abuse of notation) 

^ d ,dp d 

dz dz dt 

defined on C x M. There are a number of approaches that one can take to study the Z-problem. 
One is to take a partial Fourier transform in t because L is translation invariant. Under the partial 
Fourier transform, the vector field L becomes Z^p = ^ + r^, which we regard as a one-parameter 
family of differential operators on C indexed by r. Thus, questions about the 5(,-complex on M are 
closely connected with the 9-equation on weighted L^-spaces in C. 

To analyze operators on Hartogs domains in C", mathematicians have recognized that it is often 
enough to understand weighted operators on the base space and reconstruct the original operator 
via Fourier series j2|[3EI- Recently, on a class of Hartogs domains 17 C C^, Fu and Straube [HI El 
establish an equivalence between the compactness of the 9-Neumann operator and the blowup of 
the minimal eigenvalue of Orp as r ^ oo. Christ and Fu use the work of Fu and Straube to show 
the equivalence of: compactness of the solving operator of the 9-Neumann Laplacian, compactness 
of the solving operator of Kohn Laplacian and b^l satisfying property (P). 



1.3. Heat semigroups and heat kernels. Like Christ, we are interested in inverting Orp = 
—ZT-pZ-rp. For an alternative to Christ's approach, we can look at the heat semigroup e~'^^^p and 
integrate in s. Formally, u = e~'^^^p[f] solves the heat equation ^ and inverts Orp since 

/ e-'°^r> ds = (2) 

and u{0,z) = e-°°^p[f]{z) = f{z). 

On M, Nagel and Stein investigate the heat semigroup e~'^'~''' to solve the heat equation 
^ + OfjU = with initial condition u{0,z) = f{z). Their goal is to use estimates of the heat 
semigroup on M = C x M to understand in a product setting ^7|. Nagel and Stein define 
g-sDt ^[f^ii iiiQ spectral theorem use the Riesz Representation Theorem to write e~'^^''[f]{a) = 
f^^^H{s, a, P)f{(3) dp. H is a, distributional kernel with a nonintegrable singularity when s = 
and a = (3, and H is smooth off of the diagonal. They also obtain pointwise estimates on H(s, a, (5) 
and its derivatives. A fundamental tool in their argument is the class of nonisotropic smoothing 
(NIS) operators mUS]. 

A motivation for this work is to solve the problem of Christ, i.e. invert D^p and find pointwise 
estimates on Grp{z, (), using the heat semigroup e~^^^p method and ©. In addition, understanding 
the heat equation is an interesting question in its own right. We follow the ideas of ^B] to prove 
the existence and regularity of Hrp. Our substitution for their NIS operators are the one-parameter 
families (OFF) of operators defined in There is an obstruction, however, to using the techniques 
of Nagel and Stein in this setting. Due to the partial Fourier transform, it appears that we cannot 
scale in the transformed variable. Losing the ability to scale in any variable dooms the scaling 
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argument of Nagel and Stein. We find other techniques which allow us to bound the heat kernel 
and its derivatives with better decay than the scaling argument would have given. 



1.4. Discussion of Theorem^ The proof of Theorem ^ has two steps. First, we show that 
g-sD^p is an integral operator with kernel Hrpis, z,w) that is smooth away from {{s,z,w) : z = 
w and s = 0}. To do this, we use the ideas of ^Hl to develop properties of OFF operators defined 
in jl9j|. From there, still following ^B]) we use the spectral theorem and L^-methods to prove 
smoothness of Hrpis, z,w). 

The second step of our analysis is to prove pointwise estimates on Hrp^s, z, w) and its derivatives. 
This is the content of Theorem^ and the proof has two stages. In the first stage, we write 20^^ as 
a Schrodinger operator, similarly to Berndtsson We use the Feynman-Kac-Ito formula to 
show Gaussian decay for H-j-pis, z,w). We show the time decay of Hrp{s, z,w) with an L^-energy 
argument. 

The goal of the second stage is to prove pointwise bounds on the derivatives -^Y°'Hrp{s, z,w). 
The idea is to prove a local L^-bound for -g^Y^'Hrpis, z, w) and its derivatives and pass to a local 
L°°-bound using either a Sobolev embedding-type result, Theorem ll3[ or the subsolution estimation 
from Kurata Lemma 071 The arguments rely heavily on OFF operators and their ability to 
commute with derivatives. 



Kurata studies heat kernels in for Schrodinger operators of the form L = (— iV — a)^ + V where 
a e and y G Ll^O^""), V > 0. His conditions on a and V are more general than what we 
consider, and he proves continuity of the heat kernel. If degp = 2m, Kurata shows the bound 



I 2 — TJj| 



)l/2" 



, a weaker result than ours. The proof of Theorem ^ 



\Hrp{s,Z,w), _ ^ 

exploits the specific structure of Drp and does not seem to generalize to Kurata's more general 
operators. 



By integrating in s, the pointwise estimates on Hrpis, z,w) allow us to recover estimates on the 
fundamental solution of O^-p and compare our work to Christ W. If Gt-p{z,w) is the fundamental 
solution to Drp, we show the decay: 



Corollary 2. Let Grp{z,w) be the integral kernel of the fundamental solution for . If X 



IS 



a product of \a\ operators of the form = Z^p, Z^p if acting in z and (Z-rp), (Zrp) if acting in w, 



then there exists constants CiJq|,C2 > so that i/r > 0, 



\X"Grp{z,w)\ <Ci,|„| < 



Also, C2 does not depend on a. 



log 



2m(z.1/t) 
\z—w\ 

H 



\z — 



C2 



I z—w\ 



|z — tt;| < fi{z, ^), \a\ = 
|z — tt;| < fi{z, 1/r), \a\ > 1 

\z-w\> fi{z, i). 



Near the diagonal, the estimates of Corollary |21 agree with the bounds of X'^Gp{z,w) computed 
by Christ. Away from the diagonal, the bounds of Christ are governed by a metric equivalent to 
dp^ = j^^^iyids"^ where ds is the Euclidean metric. Christ shows that for some e, \X'^Gp{z,w)\ < 
^-ep{z,w) ^ As shown in Appendix ^ in the cases that the author can compute, the two estimates 
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agree. It would be interesting to determine under what circumstances the two estimates agree or 
disagree. 

In M", n > 3, Shen i23_, obtains estimates for the decay of the fundamental solution of — A + V, V 
is a nonnegative Radon measure. Interestly, his estimates are sharp even though they are higher 
dimensional versions of Christ's estimates which are not sharp. This signifies there is additional 
structure in the special relationship between a and V in the magnetic Schrodinger operator Drp- 

Once we have estimates for all r G M, estimates on Hrp^s, z,w) will have many applications to 
questions in several complex variables. Pointwise estimates for Ht-p{s, z, w) and its derivatives when 
r < is the subject of [50]. A difficulty lies in the fact that techniques from parabolic operator 
theory and quantum mechanics do not seem to work. In the Schrodinger operator representation, 
2n^p = li-iV -af + V,V <0 and unbounded. Writing D^p parabolic operator, this means 
the unbounded 0**^ order term may not be positive. We plan to use our estimates of Hrp{s, z,w) 
to prove exponential decay for the heat kernel of [Tn|, an improvement over the rapid decay shown 
by Nagel and Stein. We also hope to use the OPF operator and heat kernel results to build on 
the work of J3] by proving pointwise estimates on the heat kernel on the boundary of decoupled 
domains in C", i.e. domains of the form M = {(zi, . . . , z„) : Imz„ < Yl^=i Pji^j)} where pj are 
nonharmonic, subharmonic polynomials. 

Acknowledgements. I would like to thank Alexander Nagel for his support and guidance during 
this project. 



2. Notation and Definitions 



2.1. Notation For Operators on C. For the remainder of the paper, let p be a subharmonic, 
nonharmonic polynomial. It will be important for us to write p centered around an arbitrary point 
z £ C, and we set: 

1 

We need the following functions two "size" functions to write down the size and cancellation con- 
ditions for both OPF operators and NIS operators. Let 

A{z,6)= ^ |a|,|5^+^ (4) 

j,k>l 

and 

i/U+k) 

(5) 

A(z, S) and fj,{z, 5) are geometric objects from the Carnot-Caratheodory geometry developed by 
Nagel, Stein, and Wainger jl3lll8j . The functions also arise in the analysis of magnetic Schrodinger 
operators with electric potentials ^DIUlHSl- It follows fi{z, 6) is an approximate inverse to A{z, 5). 
This means that if 5 > 0, 

fi(^z, A{z, 6)) ~ 5 and A(z, fi{z, 5)) ^ 5. 

We use the notation a < b a < Ch where C is a constant that may depend on the dimension 2 
and the degree of p. We say that a ~ 6 if a < 6 and h < a. 



fi{z,5) 



inf 
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Denote the "twist" at w, centered at z by 

j! dz3 



T{w, z) = -2Im I ^ - zy I . (6) 



Also associated to a polynomial p and the parameter r E R are the weighted differential operators 
_ d , _dp _^^dp .^^ ^ d _dp .^^dp 

and 



^^'^ dz dz dz ' ^^'^ dz dz dz 



oi(; aw ow aw aw ow 



Zrp^z and Z-T-p^z arise naturally as described above. The need for Wrp^w and Wrp^w is explained 
below. 

We think of r as fixed and the operators Z^p^z, Zrp^z, Wrp,w, and WVp,w as acting on functions 
defined on C. Also, we will omit the variables z and w from subscripts when the application is 
unambiguous. Observe that (Ztp) = Wrp and {Zrp) = Wrp- We let Xi and X2 denote the "real" 
and "imaginary" parts of Z, that is, 

- d dp - d . dp 

Xl = Zrp + Zrp = h ir , X2 = i{Zrp - Zrp) = IT . 

oxi 0x2 0x2 0x1 

Analogously to Xi and X2, define 

d dv d dv 

Ui = Wrp + = — - ir^, U2 = i{Wrp - Wrp) = + ^^Q^^- 



We need to establish notation for adjoints. If T is an operator (either bounded or closed and 
densely defined) on a Hilbert space with inner product (•,•), let T* be the Hilbert space adjoint of 
T. This means that if / E DomT and g S DomT*, then (Tf,g^ = (^f,T*g). If U is an unbounded 
domain in some Euclidean space, T is an operator acting on C^(U) or S{U) = {(p £ C°°{U) : 
(/9 has rapid decay}, then we denote as the adjoint in the sense of distributions. This means if 
-R' is a distribution or a Schwartz distribution, then {T'^K^ip) = {K,Tip). Note that if T is not 
M- valued, T* T*. It follows easily that 

Z* = -Wrp and Z* = -Wrp. 
Finally, let Mrp = e*^^("'.^)|-e-*^^("''^). 



2.2. Definition of OPF Operators. We use the definition from TM. We say that Tr is a one- 
parameter family ( OPF) of operators of order m with respect to the polynomial p if the following 
conditions hold: 

(a) There is a function Kr G (^((C x C) \ {z = w}) x (M \ {0})^ so that for fixed r, Kr is a 

distributional kernel, i.e. if (^,-0 G C^(C) and supp n supp -0 = 0, then Trl^p] G (C^)'(C) 
and 

(r^[(^](-), V')c = // Kr{z,w)(p{w)ip{z)dwdz. 
J JcxC 
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(b) There exists a family of functions Kr,e{z,w) e C°°(C x C x M) so that if e C^(C x M), 



[Z,T 



ip{w, T)Kr^e (z, w) dwdr 



Cxi 



and hm,^oKr,e[^]cy<R{z) = Kr[ip]cxR{z) in {C^YiC X M). 

All of the additional conditions are assumed to apply to the kernels Kr^z, w) uniformly in 
e. 

(c) Size Estimates. If Y/p is a product of \J\ operators of the form Yrp = Z^-p^z, Zrp^z, Wrp,w, 
Wtp,w, or Mt-p where \J\ = i + n and n = #{j : Yrp = M^p}, for any k > there exists a 



constant Ci^n,k so that 



Also, if m = 2 and — < ii{z, then 
\M!;^pKrAz,w)\ <Cn 



m < 2 

TO = 2, A: > 1 

m = 2,\w - z\> ^{z, i) 



(7) 



log I I... Ii I n = 



\w-z\ 



(8) 



n > 1 



(d) Cancellation in w. If 1"^^ is a product of | J| operators of the form Yrp = Zrp^zi Zrp^z, 'Wrp^n 
Wrp,w, or Mrp where \ J\ = £ + n and n = #{j : Yrp = Mrp}, for any k > there exists 
constant Ci^n,k and Ni so that for (/9 G C^(Z)(2:o, 5)), 



sup 



< 



Y/pKr^eiz, w)ip{w) dw 



S77l — £ 



l<l-f|<JVo 



|r|fcA(z,<5)'= 



E ll^>l 



L=°(C) 



(5 < i) and 
m = 2,1 = 

otherwise 



(9) 



I\<Ne 



where X^p is composed solely of Zrp and Zrp. 
(e) Cancellation in r. If is a product of \J\ operators of the form Xrp = Zrp^z, Zrp^z or 
Wrp^w, Wrp^w and I J| = n, there exists a constant C„ so that 



/" X:fp{e'^'Kr,e{z,w)) dT<Cn- 
JR I 



n{z,t + T{w,z)y 



''fx{z,t + T{w,z)f\t + T{w,z)\' ^^^^ 

(f) Adjoint. Properties (a)-(e) also hold for the adjoint operator T* whose distribution kernel 
is given by Kr^e{w, z) 



The following results from [19] are essential tools in the proof of Theorem ^ 

Theorem 3. If Tr is an OFF operator of order 0, then Tr, T* are bounded operators from L^{C) 
to L'^{C), 1 < q < oo, with a constant independent of t but depending on q. 

Theorem 4. Given a subharmonic, nonharmonic polynomial p : C ^ M, there is a one-to-one 
correspondence between OFF operators of order m < 2 with respect to p and NIS operators of order 
m < 2 on the polynomial model Mp = {(zi, Z2) G : Imz2 = p{zi)}. The correspondence is given 
by a partial Fourier transform in Re 2:2. 
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There are multiple definitions of NIS operators (e.g. jl4lll6j ). This equivalence is with the definition 
in dH. 



3. The Heat Equation and Smoothness of the Heat Kernel 
For the remainder of the work, we will primarily be concerned with inverting the "Laplace" operator 

via the heat semigroup e~^^'^^ . We assume that r > and define the heat operator 



Hrp — Qg~^ '-'^p- 

Given a function / defined on C, we study the initial value problem of finding smooth u : (0, oo) x 
C — > C so that 

{nrp[u]{s,z) = S>0, ZGC 

I lim n(s, •) = /(•) with convergence in an appropriate norm. ^^'^^ 

Let a be a multiindex. We let X" be a product of |a| operators of the form X = Xi or X2. 
Similarly, [/" is a product of |a| operators of the form U = Ui 01 U2- 



4. The heat semigroup e '^'-'^p on -L^(C) 



We know that Zrp and Zrp are closed, densely defined operators on L^(C). As in Nagel-Stein jltij . 
the spectral theorem for unbounded operators (see ^j) proves: 

Theorem 5. Drp is the infinitesimal generator of e~^^'^p, a strongly continuous semigroup of 
bounded operators on L^(C) for s > 0. For f € L^(C), the following hold: 



(a) lim ||e-^^-/-/||^2(c)=0; 

(b) For s > 0, these operators are contractions, that is, 

l|e-'°^''/llL^(c) < II/IIl2(c); 

(c) For f G Dom(n,p), 

||e-^°-/-/||L2(c) <5|P.p/||l2(c); 

(d) For s > and all j , Range (e"''^^*') C Dom(nrp). Also, □rpe"'''-'^^ is a bounded operator 
on L^{C) with 

\npe-'°^^f\\LHc)<(^^ s-mf\\LHcy, 

(e) For any f G -^^^(C) and s > 0, the Hilbert space valued function u{s) = g^^'-'^p/ satisfies 



heat equations in r x c** 
5. Regularity of the Heat Kernel 
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For each s > 0, define the bounded operator H^^ : L (C) L (C) by 



Our main result on the existence and regularity of Hrpis, z, w) is the following theorem. 
Theorem 6. Fix r > 0. There is a function Hrp £ C°°((0, cx)) x C x C) so that for all f G ^^(C), 

H%[f]{z)= [ Hrp{s,z,w)f{w)dw (12) 
Jc 

Moreover, for each fixed s > and z £ C, the function w ^ Hrp{s, z, w) is in L'^(C), so the integral 
defined in equation (fT2]) converges absolutely. Also, 



(a) Hrpis,z,w) = Hrpis,w,z); 

(b) For {s,z,w) G (0,oo) X C X C, 

^ + Drp,.) [Hrp]{s, z, w) = (^-^ + a*^^^ [Hrp]{s, z, w) = 0; 

(c) For any integers j, k > 0, 

aip,,ia*^j'Hrp{s,Z,w) = U{-^^^Hrp{s,Z,w) = {U%^^y+'^ Hrp{s, Z,w)- 

(d) For all integers j and multiindices a, (3, the functions 

gj 

w > — > ■^X^Ul^Hrp{s,z,w) 
are in L^(C) and there is a constant Cj,a,i3 so that for R < Rt-p{z), 

\\^X^UiH,p{s,z,-)\\^,^^^ < ^s-^-^{l + s-'); 

(e) The conclusions of (d) hold with the roles of z and w interchanged. 

6. Properties of OPF Operators 

To prove Theorem |H1 we need to establish properties of OPF operators. We follow the line of 
argument for NIS operators in jl4l I16j . Since we are working with a fixed polynomial p, we omit 
TP from subscripts when the application is clear. 

Lemma 7. Let Aj- and he order OPF operators, and let X = Xi or X2 ■ There exist order 
OPF operators Ai, A2, Bi and B2 so that 

XAr = A1X1+A2X2] 

Bt-X = XiBi + X2-B2- 

Proof. We know from results for NIS operators and Theorem |2 that Xl + X| is invertible with an 
inverse K^- that is an OPF operator smoothing of order 2. Thus, we can write 



XAr = [XArKrXi'jXi + [XArKrX2jX2 = A^Xi + A2X2. 

A similar argument proves the result for Br. □ 
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Corollary 8. Let A^- and be order OFF operators and a a multiindex where |a| = A; > 1. 
There exist finite sets I and J of multiindices ai, \ai\ = k, and Pj, = k, respectively so that 



for some order OFF operators Ai and Bj. 

Froof. Induction. □ 

Let [n] denote the greatest integer less than or equal to n. The proofs of the following two propo- 
sitions are in |16j . 

Proposition 9. Let a be a multiindex. 

(a) If \a\ is even, there exists an order OFF operator Aj- so that 

X" = a^A^. 

(b) If \a\ is odd, there exist order OFF operators Ai and A2 so that 

X" = nif '(XlAl+X2^2)• 
Proposition 10. Let a be a multiindex. 

(a) If \oi\ is even, there exists an order OFF operator B^ so that 

M 

X = Bt-Otp ', 

(b) If \a\ is odd, there exist order OFF operators Bi and B2 so that 

(c) Alternatively, if\a\ is odd and X" = X^X where X = Xi or X2, then there exists an order 
OFF operator Br so that 

X" = BrOrl X. 

Proposition 11. Let X = Xi or X2. There is a constant C so that if <f C^(C), then for all 
r > 

II^[¥']||l2{c) < C'('^IPtpV'IIl2(c) +r~^\\f\\LHc))- 
Froof. First, note that X* = —X. Using Proposition lin( we compute 

||x[^]|li.(Q = (^M,^M) = -{x^M,^) < \{ArnrM,^)\ 

< c{r'^\\nrpip\\l2^c)+^''^M\h{c))- 

□ 
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Corollary 12. Let a be a multiindex. There exists a constant C|q| so that if ip £ C^(C), then 

\\X^M\L^c)<Ca Yl \nM\LHC)- 
j=0 

Proof. Proof by induction. The base case is Proposition ^2 a-nd the inductive step is a repetition 
of the argument in the proof of Proposition II II □ 



We now prove the Sobolev type theorem. 
Theorem 13. Let 



1 



Rrp{z) = inf 1 . 

There is a constant C > so that if f £ C°°(C), z £ C and < R < Rrp{z), 



C 



snpJf\<-Y.^^''^\\^'"f\\L' 



D{z,R) 



{D{z,2R))- 



\a\<2 



Also, if f £ C°^{C) n L2(C), then 



C 



SUp^^ I/I < - {\\f\\LHD{z,2R)) + R^\\'^rpf\\mD{z,2R))) ■ 



D{z,R) 



Proof. Let / G C°°(C) and z £ C An apphcation of Plancherel's Theorem shows 

sup^J/(z)| <^Y1 R^"^\\DViz)\\LHD(.o,2R))- 



D{zo,R) 



\a\<2 



(13) 



To pass from ordinary derivatives to products of Z^p and Z-^p, first observe that if |t(; — zl < R < 



Rrpiz), then 



P 



dzidz^ 



Qj'+k' 



rr-^{z){w - zY' ^{w-z) 



y 

^ U -j'y.ik-k'y.dzfdzf" 

> i 



■k'-k 



3 

k'>k 



< 



Ct 



R^ 



i+k X/ 



k'>k 



c 



JlJ+k ' 



where C does not depend on p or R. The proof of the first part of the theorem now follows easily 
since ^{w) = Z-rpfiw) — T^{w)f{w). This means 



dz 



iw 



<\ZrpfH\ + ^\fiy^ 
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and similarly for ^{w) . The estimates for the second derivatives proceed in the same fashion. 
For example, 



dzdz 

ZrpZrpifKw) 



.dpjw) dfjw) 



dz 



dz 



^2 dp{w) dpjw) J^^'j _|_ ^ dpM dfjw) 



dz 



dz 



d p{w) 
dzdz 



C. 



c 



< \ZrpZrp[f]{w)\ + -\Vfiw)\ + j^\f\ 



R' 



The other second derivatives of / are handled similarly. Thus, every term in H13|) is well controlled 
by Zrp and Z^-p derivatives. The proof of the latter part of the theorem follows from Proposition 
IIUI and Proposition 111! □ 



Remark 14. In Theorem UM '^f J^i^) = 
fi{z, l/r), a fact which will be useful later. 



923 



for j = 0, 1, ... , deg(p), then R^piz 



7. Proof of Theorem [HI 
To prove Theorem [HI we need some a priori estimates. 

Lemma 15. There are constants Cq, ^ so that for any multiindices a and (3, any s > 0, and 

Proof. We first assume that \a\ and \f3\ are even. From Proposition |UJ there exists an order OPF 
operator so that 

Hence, we have by Proposition and Theorem [S] (d) an order zero family B^- so that 

\\X''H%[xP^]\\L2i^c) = \\X''n7pH%[Arv]\\L2i^c^ 

|a| + |g| 

The \a\ and \(3\ odd cases follow easily from the even case, an application of Proposition |^ and 
ProDosition llUl and the following two arguments. One, if X is either Xi or X2 then from Proposition 
^2 with r = S2 J 

ll^^rp9'llL2(C) < c{s^'\\^TpH^rp'P\\L^{C) + S'^Wrp^fWh^iC)) < Cs~^\Ml2{C)- 

Two, since X* = —X, applying the previous inequality to H^^Xip, we have 
WKpXipWl,^^^ = (H',^,X^,H%Xip) = -(ip,XH',^H',^X^) 

< \ML2{C)\\XH^pHrpX^\\L2(C) < Cs^^\ML2iC)\\HrpXip\\L2(C)- 

□ 
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Lemma 16. For s > and f £ L^(C), H^p[f] is C°°(C). Given a multiindex 7, there is a constant 
C|-),| so that for z G C and R < min{ i?T-p( 2; ), 1} where Rrpiz) is the constant from Theorem M'Jl 

< q,|i?-is-^(i + .-i)||/|U.(c). 

Proof. We can find ifn G C^(C) so that cp^ ^ f in L^(C). It follows immediately from Lemma [T31 
that X^H^p[f] G L2(C), and 

m L2(C), hence 

||x^i7^p[/]||i2(c) < q^|i?-'5-^ll/llL2(c)- 

From these inequalities, we can show that all Zrp and Z^-p derivatives of H^p[f] are in L^(C). To 
pass from L^-bounds of Z^-p and Z^-p derivatives to a local L^-bound for ordinary derivatives, we 
can use the argument of Theorem 1131 Thus, H^p[f] is C°°(C), and by Theorem 1131 



C sr^ „ui ,, r„-,,, C sr^ _M±M 



sup ix-'H^pmi <-Y, iii"i||x"x^F^,[/]|ii.(c) < 7. E ^ 



D{z,R) 



^ II-- -- "TpvJ u\i^~y^) — 

|a|<2 |a|<2 

<q^|i?-i5-^(i + s-i)||/||i2(c). 



2 



L2(C) 



□ 



Recall the following standard fact. 

Lemma 17. If x\ ^ d^_^f{xi, X2) and X2 1— > d"^f{xi,X2) are in Lf^^{W^) for all multiindices a, 
then f G C7°°(M" x M"). 

We are now ready to prove Theorem El We follow the line of argument in jl6j and show the proof 
for completeness. 

Proof. (Theorem IHJ For every multiindex a. Lemma IT^ and Theorem 1131 show that the functional 
on L2(C) defined by 

f^d"H%[f] 

is bounded. By the Riesz Representation Theorem, a consequence of these facts is the existence of 
functions Hrp'^{w) so that 



d''H^,p[f]{z)= [ H^^^'\w)f{w)dw. 



(0, 00) X C X C with the property that w 1— > H!^ Js, z, w) is in L^(C). Thus, we have 



Define H^p{s, z,w) = Hrp'^{w). Also set Hrp{s, z,w) = H^p{s, z,w). Then H^p is a function on 

■ty that w I— > H!^p{s, z, w) is in L'^{C] 

H'rp[f]{z)= [ Hrp{s,Z,w)f{w)dw 



and for every derivative d° 



{ I Hrp{s,z,w)f{w)dw] = J H^p{s,z,w)f{w)dw. 
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We will show that d'^ H^pis , z , w) = H^p{s,z,w). Let ip,ij £ C°^(C). By the Schwartz Kernel 
Theorem, 

Thus, we have shown that 

d^Hrp{s,z,w)=H^p{s,z,w) (14) 
in P'(C) and that for each a, w d"HT-p{s, z, w) is an L^iC) function. 

Next, we know that H^.p is self- adjoint, so 



H^ [^|J]{z)ipiz) dz = / tlj{w)H^p[ip]iw)dw. 
c Jc 



As an immediate consequence of this equality and ((T)), we have 



Hrp{s^ z,w)Tj){'w)(p{z) dwdz = I i Hrp{s,w, z)'ip{w)ip{z) dzdw. 
icJc JcJc 



It follows that H-rpis, z,w) = Ht-p{s,w, z), conclusion (a). 

As a consequence of (a) and the fact that w ^ H^p{s, z,w) belongs to L^(C), z ^ H^p{s, z,w) 
belongs to L^(C). By equations (|14|) . it follows that every z derivative also belongs to L^. Thus by 
LemmaHZl Hrp{s,z,w) is C"«(C x C) for fixed s > 0. 

We know Drp-fT^p = H^pUrp- The implication of the self-adjointness of D^p is that on the kernel 
side, 

'^{p,zHrp{s,Z,w) = {afp^^yHrp{s,Z,w). 

From this, (c) follows quickly b 

Next, by Theorem El (e) , + D^p) [H^p[f]]{z) = 0. Fixing z £ C, integration against test 
functions in (0, oo) x C shows that in P'((0,oo) x C), 



= 11 Hrp{s,z,w) ( --^ + D* ) ip{s,z)f{w)dwds 

JJio,oo)xc \ as '^'7 

= // ( + Drp,z] Hrp{s,z,w)ip{s,z)f{w)dwds. 

JJ(0,oo)xC J 



'(0,oo)xC 

Thus, -^Hrpis, z,w) = —\I\rp^zHrp{s, z,w) . Then we have 
d"^ d 

■^Hrp{s,Z,w) = - — nrp,zHrp{s,Z,w) 

d 

= -OTp,z-Q^Hrp{s,Z,w) = n\^p^^Hrp{s,Z,w). 

Iterating this argument shows 

dsi 



Hrp{s,Z,w) = {-iyU{p^^Hrp{s,Z,w). (15) 
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We know, however, that for each j, nip^zHT-p{s, z,w) G L^q^((0, oo) x C x C). As before, this is 
enough to show H-rp G C°°((0,oo) x C x C). In particular, (fT5|) hold in the classical sense, so (b) 
is proved. 



For a, (3, and j. Lemma [T5l shows that there is a constant Ca,i3,j so that for ip £ C^(C), 



Then by Theorem [T^ for R < Rt-p{z), 



L'HC) 



C 



\a\ + \ti\ 

<C^,f3S 2 ^'l 



V'IIl2(c)- 



sup \x'^ai^H^^[x^[^]]\ < - ^ R^^^Wx'^^^ai^H^x^i^]] 



D{z,R) 



l7l<2 
C . 
XL 



L2(C) 



Also, since Ht-p{s,z,w) G C°°((0,oo) x C x C), 

X"aipH^p[X''^]{z)= I X^ai^Hrp{s,z,w)Xf!,^{ 

Jc 



w) dw 



/ ^X'^U^H,p{s,z,wMw)dw. 



From the reverse Holder inequality and our previous estimate, 

1 

2 \ 2 



C 



ds'J 



X'^U^H^p{s,z, 



w] 



d^A <%i,-^-i(i + ,-i) 
/ R 



This is (d) of the Theorem. From (a), we can interchange the roles of z and w to prove (e). This 
proves the theorem. □ 



8. A Fundamental Solutions for Htv on M x C 



8.1. A Fundamental Solution for Tirp and a Relative Fundamental Solution for Tirp on 
M X C. Define distributions H^^, H^^ on M x C by 

Definition 18. For ^ e C^{Rx C), set 



{H^ ,xp) = liin / / Hrp{s, z,w)iIj{s,w) dwds. 

Je Jc 



The kernel of this distribution is 



J Ht-p{s, z,w) if s > 



We need to prove the limit defining H^p exists and defines a distribution on M x C. To do so, we 
need the following lemma which gives control over pointwise bounds on \e~^^'^pf — f\- 
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Lemma 19. There is a constant depending only on the degree of p so that if f £ Dom(n^p) for 
j < 2, then for any z £ C and < R < Rrp{z) and z £ C, 

sup |/H-e-^°-[/]H| <c|(||ap[/]||^2(c) + i?'|p?p[/]||L2(c)). 

D{z,R) ^ 

Proof. Let / G Dom(nrp), < j < 2. By Theorem and Theorem El (c) , we have 

sup \f{w) - e-^°-[/](t^)| < C^j2^''\Prr>[f] " U{^[e-^^^^ f]\\^,,^. 

C II / ^ _.,n N r„o II . „ s 



j=0 j=0 

□ 



Lemma 20. For each z £ C, the limit defining H^^ exists and defines a distribution on R x C. 

Proof. Let ij) £ C^(M x C). Then there is a closed, bounded interval I C M and a compact set 
K C C so that suppV' £ I x K. Set Vsl-^) = ipis,z). Then {tps} C C^(M) with each element 
having support in ii'. If < ei < e2, then 

H-rpis, z,w)il){s,w) dw ds = / e~^ ^''[il^sliz) ds 

ei J ei 

e'^^^plipsKz) - tpis,z)ds + / tp{s,z)ds. 
From Lemma [TUl and Holder's inequality, we have (with R < Rrp{z)), 

Hrp{s, z, w)ip{s, w) dwds 



1 re2 



^ j=o ■'^ 

1 

-'^%Y. IPiJ'MllL2(RxC) + e2||^||L-(RxC)- 

i=o 

These last terms go to as e2 ^ 0, so the limit defining H^p exist. □ 
Theorem 21. In ^'(M x C), 

Proof. Let £C^{^xC). Then 

lim / / Ht-p{s, z,w)dsip{s,w) dwds 



e JC 

oo 



+ lim / / Ht-p{s, z, w)\I\rp^w^{'w, s) dwds. 



c 
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Since s is bounded away from and H-rp G C°° ((0, oo) x C x C) , the first term yields 

ds 



oo 



Hrpis, z, w)-^{s, w) dwds 



oo 



d f „ f d 



, Hrp(s, z,w)'ip(s,w) dwds + / / —Hrpis, z,w)tl){s,w) dwds 
OS Jc Je Jc ds 

HT-p{e, z,w)ip{e,w) dw + / / —Ht-p{s, z,w)ip{s,w) dwds. 

Je Jc OS 

Also, 

/ / Hrp{s, z,w)\I\t-p,wiP{s,w) dwds = / / Df^p yjHrp{s, z,w)ip{s,w) dwds. 

Je Jc ' Je Jc ' 

Using Theorem El (b) and adding our equalities together, we have 

-Hrp{s, Z, w)dsij{s, w) + Hrp{s, Z, w)\I\rp,wtp{s , w) dwds 

Hrp{e,z,w)'il){e,w)dw + I / {dg + Ofp^^)Hrp{s, z,w)'il){s,w) dwds 



c 

H^-pie, z, w)ip{e, w) dw. 

c 



Hence 



{{ds + D* )[H^ ],ip) = lira / Hrp{e, z,w)i:{e,w) dw 



C 

lime-'°-nA]{z) = ^{0,z) = {5o^5,,i;). 

e^O 



□ 



9. Estimates on ■^Y°'Hrp{s, z, w) 

In this section, we prove Theorem ^ the result on pointwise estimates of \X^U^Ht-p{s, z,w)\. We 
begin the section with a study of how the heat kernel behaves under scaling. 



9.1. Scaling and the Heat Kernel. The structure of Drp is critical in this section. Expanding 

□rp, we have 



l_l _ . d dp\ / d dp 
\dz dz J \dz dz 
q2 ^ r^dpdp _ ( dp d dp d 



+ •^7^+^ T^T^+^UtT^-TJ^T^ (16) 



dzdz dzdz dz dz \dzdz dzdz 
1a , 1_A , ''"^ ivT |2 , ^ _ d dp d 



-A+-rAp+— |Vnr + -r — ^- tt^t^ (17) 

4 ^4 ^^4' -^' 2 \dxidx2 dx2dxi' ^ ' 



Let po{w) = p{w) and fix zq £ C. Let pi{w) = po{w + zq). Our first scaling result is: 
Proposition 22. 

Hrpo{s,Z + Zo,W + Zq) = Hrp-^{s , Z , w) . 
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Proof. Fix zq G C. Let AzQ[f]{z) = f{z — zq). is an isometry on L^(C), and 



WrpJ/](^) = -\^f{z) + ^Apoiz + Zo)f{z) + ^\\/po{z + Zo)\'f{z) 



i f dpo 9po, ( \ 



^Afiz - zo) + JApo(^)/(^ - ^0) + ^\Vpo{z)ffiz - zo) 



. i f dpo , . df dpo df 

Also, if G Cc°°(C X M), 

^^oH'^o ® <5^)^.o^(«> w^) = ^^0^(0, 2 - 20) = V'CO, 2), 



and 



^zi^'i^o'^ ^z)Azoil^{s,w) = A'^Hrpo / Hrpo{s,z,w)'il^{s,w - zo)dwds 

Jo Jc 

= j j (^— + n\rpa,z^Hrpais,Z,w)lp{s,W - Zo)dwds 

= ^zo J^{§^^ ^fpo,w)Hrpo(.s, z, w)ij{s, w - Zo) dwds 
= J + ^tpi,u)Hrp^^{s,z,w + zo)iIj{s,w - zo)dwds 

= j j (^^-^ + Ofp^^JjHrpo{s,z + zo,w + zo)'ip{s,w - zo)dwds. 
Thus, Hrpo{s,Z + Zo,W + Zo) = Hrp^{s,z,w). □ 

The method of proof in Proposition also proves the following two scaling results. 
Proposition 23. If zq ^ C and 

^ — ^ 

P2i'w) = 2^ ^jki'W - ZoYiu! - Zo) , 
j,k>l 



then 



H^p^^o{s,z,w) = e'^^^'"'''^HrpAs,zo,w). 



Let Txip{s, w) = \^4'{\^s, Xw) and Txf{w) = Xf{Xw) act on functions on M x C and C, respectively. 
Li either case, T\ is an isometry on L^. Our final proposition in this section investigates conjugating 
Tirp by Tx- Let iJx{s,w) = ip{X'^s,Xw) and fx{w) = f{Xw). 

Proposition 24. Ifp^ =p2{z/X), then 

^H^pH,{s/X'^,z/X,w/X) = H^p^{s,z,w). 
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9.2. Pointwise Estimates of \Ht-p{s, z,w)\. We first show that \H.j-p{s, z, 'w)\ has Gaussian decay. 
To do so, we will find it convenient to work in real variable notation instead of complex notation. 
As such, let X = {xi, X2) and y = (yi, ^2)- Our first goal is to prove: 

Theorem 25. // e^^'-'^p = J^HT-p{s,x,y)f{y) dy, then the heat kernel HT-p{s,x,y), satisfies 

the estimate 

\ \x--~y\'^ 

\Hrp{s,x,y)\ < — e 



Proof. We will use the Feynman-Kac-Ito formula from [21]. Let dx be Lebesgue measure on 
and let {B,^, dP) be a measure space of sample paths for a 2-dimensional Brownian motion b[s). 
Let djji = dP ® dx be Wiener measure on B x'S? and let uj{s) = x + b{s). If we let 

(Op Op \ T 
- — ,— J and y(x) = -Ap(x), 

then for / G C2(R2), 

i(_,V - aff + Vf = -^A/ + 1(V • a)/ + za • V/ + ^jap/ + Vf. 
But V . a = r(-^ + ^) = and i|ap = \r'\Vp\\ Thus, 

]^{-iV -aff + Vf = 2Urp, 

so 2'drp is the quantum mechanical energy operator for a particle in a magnetic field with vector 
potential a{x) and electric potential V. The Feynman-Kac-Ito formula for f,g£ C^{M?) is 

(e-2-°-/,g) = I e^(^'-)/(^(s))^R0))(i^ (18) 

where ^ ■ s s 

F{s,uj) = -i a{uj{t))-doj{t)-- I [V ■ a){uj{t)) dt - I V{uj{t))dt. 
Jo 2 Jq Jo 

6(s) has 2-dimensional normal distribution with covariance s, so we can rewrite (|18() as follows: 
// Hrp{2s,x,y)f{y)'^dydx= /e^(^''^)/(u;(s))^Ro))rf// 

i?[e^(^''^)/(a;(s))^R0))]dx 

^[^[e^("''^)/('^(s))9(w(0))|a;(0) = 2;,cj(s) = x + y]] dx 
E[E[e^^'''^^f{Lo{s))\uj{0) =x,Lo{s) = x + y]]'^ dx 



1 

27rs 77r2xr2 
1 

27rs 



Thus, HT-p{2s,x,y) = 2^ for some F{s,y) satisfying |e'^*^'''^)| < 1. □ 



e 

!xR2 

|2 



A critically important fact about the Feynman-Kac-Ito formula is the requirement that ^ > 0. 
When r < 0, y < 0, and the argument from Theorem 1251 fails. Even if we could use the argument, 
the real part of e^^'*''^-' is e~ ^0 ^('^(*)) '^^^ a term that we would expect to be very large. In fact, when 
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T < Hrpis, z,w) only satisfies Gaussian decay near s = [20], so an analog to Theorem 051 is 
false. 

We now turn to proving a large time decay estimate for Hrpis, z, w). Let ^ be the set of polynomials 
of deg(p) whose coefficients (in absolute value) sum to 1. We can identify the set of polynomials 
of deg(p) with M" for some n, and under this identification, *P is identified with the unit sphere, 
a compact set. Having constants depending only on *p is essential for estimates obtained through 
scaling. 

Theorem 26. If e~'^^'^^[f]{z) = Hrpis, z, w)f{w) dw, then there exist constants Ci and C2 which 
depend on the degree of p so that 

\Hrp{s,z,w)\ < —e~^^ M(^,iV)^ e~^' M(-.i/r)^ . 



s 

Proof. By the conjugate symmetry of Hrp, it is enough to show the bound — e l^^J^T^ . From 
Proposition [221 there exists a polynomial pi{w) = po{w + z) so that 

Hrp{s,z,w) = H^p^{s,0,w - z), 

so we can reduce to the case of estimating -ffrpi (s, 0, w). By Proposition for 

P2{w) = ^ a^jkW^w^, 
j,k>i 



we have 

e'"^("'°)^.pi(s,0,iz;) = Hrp,{s,0,w), 

so it is enough to estimate \Hrp2{s,0,w)\. Observe that p2 (it') has the property ^^(0) = ^^(0) 
for all k. If we set A = ^(z, l/r)^^ and P3{w) = P2( j), then € ^ since 

dzWz^ 



A- 



1 



From Proposition 1241 

^Hrp,{^,0,^) = Hp,{s,0,w). 

We now estimate \Hp,^{s,w,0)\. Let h{s,w) = Hp,^{s,w,0). By Theorem [HI (b), ^ = Zp.^Zp^h. Let 
g{s) = \h{s,w)\'^ dw. From |^, there exists C = C<p so that ||/||l2(c) < C\\Zp.^f\\]^2(^Qy Thus 

r d f dh 

d'is) = / -^{h{s,w)h{s,w)) dw = 2Ke / —{s,w)h{s,w)dw 

= 2Re / Zp^Zp^h(s,w)h(s,w) dw = —2 / \Zp^h{s,w)\'^ dw 
Jc Jc 

<-C [ \h{s,w)\'^ dw = -Cg{s). 



Since g{,s) > 0, < — C, and integrating from | to s, we have 



9is)<gi§)e-^'<C,— 

s 



where the last inequality follows from Theorem 1251 The constant Ci does not depend on p^ (or ^). 
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Next, e *^P3 is a semigroup, so e *^P3e '*'-'f3/(2:) = e ^'^'-'ra /(a:). On the kernel side, this means 
we have the reproducing identity 



Hp^{2s,z,w) = / Hp,^{s,z,v)Hp,_,{s,v,w)dv, 
Jc 



and an apphcation of Cauchy-Schwarz yields 



\Hp,,{2s,0,w)\ < \Hp.,{s,0,v)\ dv 
Undoing the scaling finishes the proof. 



\Hp.^{s,v,w)\^ dv\ < Ci — 



-Cs 



□ 



The motivation for using g'{s) and the reproducing identity was 0. 



9.3. Derivative Estimates. The derivative estimates are proven in a series of lemmas. The most 
accessible case is proven first and each successive lemma builds on the previous calculation. Each 
estimate at one step is used to prove a pointwise estimate in the next. Define the decay term 
X, y) to be 



I y I C^, ^ C2 ^ 

D{s,x,y) = e m(2:,i/t)2 g A'Ca.i/T)^ 

where C2 is the constant from Theorem 1261 Also, let 

Ir{s) = (s — r^, s) and Qr{s, x) = Ir{s) X D{x, r). 



(19) 



We need a version of the subsolution estimate from . 

Lemma 27. // (so,2o) £ (0, cxd) x C and u{s,z) is a solution of 



du 
ds 



— h DrpU = 



on Q2r('S0) -^o)- Then if t > 0, there exists C > so that 



sup \u{s,z)\<— II \u{s , z)\'^ dzds . 

(s,^)eQr/2(so,2o) J JQ2r/3(«0,20) 



Proposition 28. There exists Cn so that for < r < -^jg-, 



rp 



- 

i2(Q,(so,s/o)) *0 



Proof. We have 
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ds 



D(yo,r) 



ds 



1/2 



dy 



ds 



sup 

1^11^2=1 



TP 



s,xo,y)(p{y)dy 



ds 



Ir{so) 



Qn 



sup ^H^p[ip]ixo) 

^SC^{D{yo,r)) OS 
Ikllf2=l 



ds. 



(20) 



The key to the proof is that -§pTH^p[Lp]{x) satisfies + \I\rp,x)-§prH^jj[Lp]{x) = 0. By Lemma 
and Theorem [S] (d) , estimating an arbitrary term from the supremum in ()2U() yields 



< 



C 



< 



c 



< 



c 



V2r 
SO 



dt 

gn 

dt 



2 \ 1/2 

dxdt 



1/2 



dt 



1 



so- 



-2r2 



^2n 



1/2 

dt 1 < 



L2(Dixo,r)) 

c 



rsA 



(21) 



Putting (EOl) into (EU, we have 



ds"-- 



< C 



L'^{Qr{sQ,yo)) 



1/2 



/.(so) ^^«0" 



ds 



C 



Lemma 29. Let ni, n2, ?t-3 > and n = ni + n2 + n^- Then there exists C„ > so that 



□ 



n^Un#r^Hrp{s,x,y) 



< -^D{s,x,y)2. 



Proof. Since Hrp satisfies + ^rp,x)Hrp{s,x,y) = when s 7^ or x 7^ y, it is enough to show 
the estimate for Hn{s,x,y) = ■^Hrp{s,x,y). Proof by induction. The base case follows from 
combining Theorem 1251 and Theorem I2(il 

1 1 C 

\Hrp{s,x,y)\ < \Hrp{s,x,y)\'2\Hrp{s,x,y)\'i < —D{s,x,y). 



Assume the result holds for Hn-i- Let r = Let il) G ((52r('So, yo)) where -0 



< < 1, and < 



}r(so,yo) 



r^3 ■ 



We can use Lemma 071 because if s > 0, Hn~i{s, z,w) satisfies 
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Ti.rpHn-i{s, x,y) = 0. Using Lemma 071 and Proposition 051 for r > and Q = Q2r{so,yo) 



(so,x,yo) 



< 



C 



V(so,yo) 



TP 



s, X, y) 



dsdy 



< — 



(s, X, y)—^-^{s, X, y)'>p{s, y) dsdy 



l2 



< — 



< — 



Hrp{s, X, y) ^ 



" 1 

l^rp(-,a;,-)||L2(Q)X]ci3(;r 



j=0 

Hrpiso,x,yo)r^ ( 4;- + 



j.2{n-j) 



rp 



-.2n „2n i,n 



'0 



1/2 



< T \-^ + n < —^D{so,x,yo)2. 

r ^2 \Sq ^ng2 J Sn 



^0 



□ 



Integrating in y gives the immediate corollary: 

Corollary 30. Let ni, n2, > and n = ni + n2 + 71.3. Then there exists Cn > so that 



^Tp,xi^rp,v) ^Ht-p{s,X,-) 



< 



Cn 



L2(C) S""'"2 



n 



Lemma 31. Let a be a multiindex and j > 0. Then there exists C|q| j > so that if R 



min{# 



}, then 



Ci 



Proof. It is enough to bound \Uy\I\ip^xHT-p{s, XQ,y)\ for a fixed xq £ C. In fact, we can even assume 

= for 

Qj+kp 



that ^^{xq) = ^^(xq) = for all n by Proposition OHl This means if \y — xq] < //(xq, 1/t), 



(y) 



< 



:tA{xo,h{xo, 1/t)) 



1 



(22) 



Let = min{^, |/u(xo, 7)}. Also, fix s and let g{y) = nlp^xHrpis, xq, y) . Let D stand for ^ or 
^. Then from TheoremlHl if G C^{D{xo,R)) with < < 1, |L>^(/3| < for < < 2, 
we have 

l/3|<2 



(23) 
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Then 

y'^Ui;U^g\\l^^^ < {u^U'^g.^U^U^g) =\{g,U^U'^{^U^U!^g)) 

< CT'l,72lbllL2(D(xo,fl));^l|t^y'^^^^f^y5llL2(D(xo,iJ))- (24) 

|7i|+l72| = |a| + |/3| 

Next, from Corollary IHOL Proposition IIOL and Theorem El for some order OPF operator B-t, we 
have the estimate (note the complex conjugate in the first inequality), 



= [g,X^X^X]^X^^X^X^g) 
< lbllL^(c)l|5.nl?l+l^l+l"l5llL^(C) < ^.-(l^^l+l/^l+H+l). (25) 
Plugging (pi)) into (^3)) gives 

y''X^x^-g\\hic)<C\g{y)\R E ^7.72^^-^^l^^l+l^l+l'^l+^+'^')- (26) 

|7i| + l72|=|a|+|/3| 

Using the fact that R < ^/s and inserting H26() into H23() . we have 



l/3|<2 |7i| + |-y2| = |a| + |/3| -K ^ 

<^I^Z)(5,^0,y)i ^ ^ i?l/3|-|l7i|,-il72|,-||/3|,-iH 

l/3|<2|7i| + l72| = |a| + |/3| 



< 



\a\ 



Z)(s,xo,y)2i?-5l"ls-3H. 



□ 



Corollary 32. Xei a be a multiindex and j > 0. T/ien there exists C^a\,j > so i/ioi 

C 

5 2"'"^"'" "2" 

Proof. Using the estimate from Lemma ITTl if i? = then the result follows by direct calculation 
and a simple change of variables. If i? = 1/r), then we use the fact that D(s, x,y)i < 

C,D(s,x,y)l(^^t^)'for any j > 0. With this estimate, the result follows immediately. □ 



The final lemma we need is: 

Ts r> — ^jQ-, ' ' "4 ' ' mere exisis l^^^I 



Lemma 33. Let a and (3 be multiindices. If R = min{-^j^, ^i^^^22l/li|^ there exists C\a\i3\ > so 



that 

\X^XPHrp{s,x,y)\ <C\o,\,\p\^^R 2 4s 4 s D{s,x,y)s. 



■(y) 



Proof. As in Lemma 1^ we may assume that ^^(a^o) = ^i^(a^o) = for all n so by 

1 



/i(xo,l/r)i+'=' 
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Fix s and xq. Let y G D{xo,R). Let ip G C^{D{xq,2R)) so that (/? 



D"''f \ < t!^- Let /(j;) = Xy Hrp{s,x,y) and (^(x) = X^Xy H-rpis, x,y). From Theorem [T^ 



/3i 



D{xo,R) 



1, < (/? < 1 and 



L2(C)- 



l7l<2 



Next, 



V>'^X29\\h^c) = {x2Kf,vX2g) = \[f,X^X2[^X2g 

= E 



''71 >72 



f,D^'^X2'X2g 



|7l|+l72| = |7l+|a| 

- E C7,,72||/||2,2(£)(^Q^K))-^j^||XpXj5r||i2(C). 

I7i| + l72| = |7l + l"l 

Usmg Proposition ^1 and Corollary 1321 for some order zero OFF operator we have 

\\x2'X2g\\h^c) = [x2'X2x^f,x2'X2x^f) = \[f,x:x2x2'X2'X2x^f 
< ||/||i2(c)||i?.nfei+i^i+i^^i/||i2(c) = q«|+|,|+|,,|+|^|s-i^i-i-i"i-H-i^< 

Thus, since \\f\\L2{D{xo,R)) < C\f{xo)\R, 



15 



|7|<2 |7i| + |72| = |7| + |q 

kE E^'^'^' 



-'s * s si? 4 D{s,x,y)i 



\-<2\ _iC|-vl4-UI~l 



|7|<2 |7i| + |72| = |7| + |q| 



As an immediate consequence of Lemma 1551 we have: 



□ 



Theorem ^ Let p be a subharmonic, nonharmonic polynomial and t > a parameter. If n > 
and is a product of \a\ operators Y = Zrp or Zrp when acting in z and (Z-rp) or (Zrp) when 
acting in w, there exist constants c, ci > independent of r so that 



gn 

9s" 



Y''Hrpis,z,w) 



1 _\z-wf_ _c 2 -c 2 

< ci e 32s e ^(^.1/^) 6 /'{"'.i/t) 

- ^n+||a| + l 



Also, c can be taken with no dependence on n and a. 



Proof. The theorem follows Lemma 1221 using the argument of the proof of Corollary 1321 Also, by 
the argument of Lemma 1551 specifically the argument of (|23() - H25|) . we may take c to be independent 
of Q and n. □ 



Using Theorem n we can integrate in s and recover estimates on Grp{z,w), the fundamental 



solution of Dtp- 
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Corollary [2] Lei Grp{z,w) be the integral kernel of the fundamental solution for D^^i . If is a 



product of \a\ operators of the form = Zrp,Zrp if acting in z and (Zrp), {Zrp) if acting in w, 
then there exists constants CiJq,|,C2 > so that i/r > 0, 



\X''Grp{z,w)\<C,.,{ 



Also, C2 does not depend on a. 



z — w 



-\a\ 



-C2 



^{^■I/t) . 



-C2 



M(lil,l/T) 



/.(z,l/r)H 



1^ — iL'l < fJ-iz, |q| = 

1^ — iL'l < fJ-iz, |a| > 1 



Proof. We just need to integrate in s for the estimate. We first show the \a\ = case. Let 6 > 0. 
Then if C2 = ^ , 

poo r5 1 I i2 yoo 1 g 

/ Hrp(s,x,y)ds < / -e^'^^^i^^g^ / _e~%(.,i/r)^ = / + //. 
To estimate /, we let t = 02^-^—^, so —j dt = - ds and 



t 

roo -j^ 



If C2^^ < 1, then 



Also, if C2^^ > 1, 



I r°° , 5 I 



To estimate I/, set t = c ^^^ J^^^a , and we have 

//= / -e~^dt. 
Jc , \ t 

If c-T — < 1, we have 

IJ.{x,l/Tj'' — ' 



^ t .h t 



Also, if C ^^J/^y, > 1, 



Setting 6 = ^ji^^x/l) yields the result. The |q| > 1 case uses the same argument as the |a| = case, 
except that the on-diagonal estimate is simpler since 'j^Tj^ ds ~ s~2l'^l converges. □ 
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Appendix A. A Comparison of the Estimates of Gp{z,w) 
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We will focus on homogenous polynomials of the form pi{z) = Izp™' and P2{x + iy) = x^™". We 
will write z = x + iy. Recall from above that if pp. is the metric in ^ associated to pj, the 
dp% ~ pp^{z,l)-'^ds'^. 

To show that the estimates in Corollary [2l and Christ's estimates in 0| of Gp{z,w) agree, we must 
show that for j = 1 or 2, 

1-2 — ^^1 U — till , , . 

+ , , ^PpAz,w). (27) 



p.p^{w,l) p^p^{z,l) 

(|27|) will follow from Corollary 1351 and Proposition [27| for both pi and p2- In fact, the pi case 
shows that the estimates agree whenever p[z) is a homogenous, subharmonic polynomial of degree 
2m whose Laplacian does not vanish on the unit circle. Also, in the case m = 2, an elementary 
computation shows that p{z) = is equivalent to the general case for subharmonic, nonharmonic 
homogenous polynomials of degree 4. 



Proposition 34. 



Pp^iz,l) min{l, I |^„J , fJ'PiizA) ^ min{l, . J^^^ }- 



This computation has the following immediate corollaries. 
Corollary 35. 



\z — w\ \z — w\ 



m—1 I |„,,|m— 1> 



Pp,{w,l) ^pi(^, 1) 

and 



+ - — : ^ \z - w\ + \z - ■w\(\z\"' + N 



Z W\ ^ \Z W\ ^ I _^| 



Pp^{w,l) Pp2{z,l) 

Corollary 36. 



//pi (z, 1)2 ' Ppiiz,!)"^ 

At this point, we will concentrate on sketching a computation of pp-^{z,w). The computation for 
Pp2{z,w) is analogous and shows pp2{zX) ~ k — CI + l-^ — CKI Rez|"^~"^ + | Re ("I'""-'-). 

Proposition 37. 

p^^{zx)-\z-c\ + \z-c\{\zr-' + \cr-'), 

where the constant depends only on m. 



Proof. As a consequence of Corollary OHl 

Ppi(z,C)~inf| [\l + \a{t)r-')\a'{t)\dt} (28) 





If a{t) = z{l -t)+ Ct, then 

"V + \a{t)r-')\a'it)\ dt<\z-c\ + \z- mzr-' + \cr-'). 





28 



ANDREW S. RAICH 



For the other direction, we give a more complete argument. 



p{z,0 ~ inf + \a{t)r-')\a'{t)\ dt 



>\z-Q\+mi{ \a{t)r-'\a'(t)\dt 



Now, set 7(z,C) = inf« { \a{t)Y^-^\a' {t)\ dt^. Then 



7(.,0 = mf{/" 



dt 



aity 



dt )■ > 



inf I l'\^'{t)\dt\ = \z'^ -w""]. 



/3(0)=z 
/3(1)=C 



Thus, if \z\ > 2|C|, then - C""! ~ l-^""! ~ 1^ - CKkP"^ + ICI"*"^)- Also, note that there is 
a one-to-one correspondence of paths between z and ^ and paths between rz and r( by sending 
a(i) to ar{t) = ra{t). Hence, it follows immediately that ^{rz,r() = r'^'y{z,Q, so without loss of 
generality, we can assume that |z| = 1 and | < |C| < 1. Let | = re**. Note that t = argC — argz. 
Also, we can write 

m— 1 

_ = ^"^(1 _ r'»e*'"*) = ^'"(1 - re'') ]J (e^^^^ - re**). 

k=l 

Note that if |i| < then \e'^'^^^ — re**| > c > for some constant c and for all A; = 1, 2, . . . , m — 1, 
and in this case 



m—l 
ik=l 



m— 1> 



Finally, if \t\ > ^, then p{z,Q > c for some constant c > 0, and this is the desired result as 
|z-C| >ci and |2|,|C| G □ 
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